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Constitutive equations of non-isothermal polymer melt are presented by the analysis of
entropic free energy contribution of the macromolecular chains, which are treated as elas-
tic dumbbell models. With describing non-isothermal dumbbell spring, as the function of
temperature, the non-linear elastic coefﬁcient expression causes the appearance of tem-
perature gradient in stress constitutive equations. Following the constitutive equation of
Hookean dumbbell model, non-isothermal stress constitutive equations of FENE and
FENE-P models are derived. In deriving process of constitutive equations, the second
moment approximation is used to closure FENE model. Using the non-isothermal constitu-
tive equations, numerical simulations of polymer ﬂow through shear cavity and planar
contraction cavity are presented. And the distributions of correlative stress functions and
the effects of different temperatures on stress functions are discussed. The present results
are shown to explore the non-isothermal constitutive equations of elastic dumbbell mod-
els, and to search more accurately describing way of non-isothermal polymer melt.
 2010 Elsevier Inc. All rights reserved.1. Introduction
This study is motivated by an interest in the manufacture of polymer. Usually, these materials are molded or extruded as
non-isothermal viscoelastic liquid. The resulting product is then cooled to make a solid composite. The non-isothermal ﬂow
of polymer is a key feature of the manufacturing process since it affects elastic modulus, stress coefﬁcients and strength of
polymer composite material. Therefore it is important to model the ﬂow as accurately as possible in order to design and con-
trol manufacturing processes, which will ultimately lead to the best mechanical and thermal properties of the polymer
composite.
The mechanical behavior of viscoelastic ﬂow has been extensively studied in recent years both from the phenomenolog-
ical and from the structural point of view. Several constitutive equations have been proposed and more or less successfully
compared with the experiments. Some of these constitutive equations are essentially phenomenological [1–4]; others are
related to simpliﬁed models of the structural elements of the polymer [5–14].
In the processing of polymer composites, one major issue is fundamentally different from the behavior of isothermal
polymer melt. Temperature is an important factor in the determination of the ﬁnal material properties. Elastic dumbbell
model as the simplest model of polymer has been widely used for purely mechanical theories of the stress constitutive equa-
tion. So, it is important to examine the role of temperature in polymer rheology, and to derive a model that determine the
relationship between temperature and elastic dumbbell models. Utilized free energy of viscoelastic liquid, Marrucci [12] pre-
sented free energy constitutive equation and stress constitutive equation of Hookean dumbbell model. The work allows the. All rights reserved.
; fax: +86 029 8849 1000.
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verted relationship is allowed still, that is, a purely mechanical constitutive equation for the stress can infer the free energy
of a material.
In this work, for present a practical treatment of the thermodynamics, mechanics and numerical simulation of non-iso-
thermal polymeric ﬂuids, elastic dumbbell models are extended to non-isothermal condition. By dint of the entropic free en-
ergy of molecular chain, detailed non-isothermal constitutive equations of elastic dumbbell models are derived. The second
moment approximation [15] is used to closure FENE dumbbell model. Further, the predictive quality and range of application
of the non-isothermal constitutive equations will be tested in detail in further investigations that involve full numerical sim-
ulation of non-isothermal polymer melts. For showing the non-linear dependence on temperature of non-isothermal consti-
tutive equation, the two important parameters in elastic coefﬁcient expression are analyzed. And these studies of
constitutive equations of non-isothermal polymer melt will hopefully contribute to reach a better understanding of ﬂow
properties in many important manufacturing processes such as the injection of polymer material.
2. The governing equations
In this section, the governing equations of non-isothermal polymer melt are discussed. This discussion, in essence, in-
volves the description of Newtonian solvent ﬂuid and a non-isothermal constitutive equation of the elastic dumbbell model.
For the non-isothermal polymer, we start with the basic equations of polymer kinetic theory, and use an elastic dumbbell
model to describe the polymer. The use of a relatively simple bead-spring model describing the behavior of complicated real
polymer is justiﬁed by the fact that the mathematics involved is usually simple, and that many physical properties of poly-
mer solutions are determined by only a few general characteristics of the polymer such as the ability to stretch and to orient
in a ﬂow ﬁeld. The polymer chain is represented by an elastic dumbbell consisting of two identical, spherical beads con-
nected by a spring. The solvent is modeled as a Newtonian ﬂuid completely characterized by its viscosity. The solvent affects
the motion of a bead through two forces [16]: a hydrodynamic drag force and a Brownian force due to the bombardment of
the beads by solvent molecules.
The diffusion equation for the conﬁguration distribution function /(Q, t) of dumbbell [17] is @/
@t
¼ @
@Q
 /½L  Q   2
f
F/ 2kT
f
@/
@Q
 
; ð1Þwhere Q is the connector vector between two beads, L is velocity gradient that is independent position but may depend on
time t, k is Boltzmann’s constant, T is the absolute temperature, f is friction coefﬁcient of dumbbell beads, F is the spring
connector force.
For the different dumbbell models, spring force F and non-isothermal stress constitutive equation are different.
2.1. Non-isothermal constitutive equation of Hookean dumbbell model
The entropic free energy of macromolecule solution described by Hookean dumbbell model is given [12] byA ¼ ST ¼ kTlQ
2
2
þ const: ð2ÞIn above equation, l ¼ 3
2hQ2i0
ðQ ¼ jQ jÞ is related to the mean square distance in a stagnant solution hQ2i0.
From above equation, an elastic force is derivedF ¼ kTlQ : ð3Þ
Compared with the elastic force of Hookean spring F = HQ, the expression of elastic coefﬁcient H can be gotH ¼ kTl: ð4Þ
Consider now a dilute solution having n macromolecules per unit volume which undergoes an arbitrary ﬂow. The free
energy contribution of the macromolecules per unit volume (free energy density) of the polymer melt isa ¼ nkTl
2
hQ2i þ const; ð5Þwhere the symbol hi represents the local average over the molecule distribution. At the same point in the melt a stress ten-
sor exists which, for the part given by the macromolecules, issp ¼ nkTlhQQ i  nkTd: ð6Þ
Take the trace of above equation, trsp ¼ nkTlhQ2i  3nkT.
Through the comparison of free energy density equation and stress tensor equation, take the constant 3nkT/2, thusa ¼ trs
2
: ð7Þ
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end vectors. For the Hookean dumbbell model, the distribution obeys the equation @/
@t
¼ @
@Q
 /½L  Q   /2kTl
f
Q  2kT
f
@/
@Q
 
: ð8ÞUsing hQQi, the above equation is multiplied through by the dyad QQ and integration is performed over the whole conﬁg-
uration space. Employing Green’s theorem and considering that / goes to zero more rapidly than Qn for arbitrary n as Q goes
to inﬁnity, one obtains [17]DhQQ i
Dt
 L  hQQ i  hQQ i  LT ¼ 4kTl
f
hQQ i þ 4kT
f
d; ð9Þwhere LT is the transpose of L, and D/Dt is the material derivative.
One can get hQQ i ¼ spþnkTdnkTl from Eq. (6), substituting it into Eq. (9). Because ofD
Dt
hQQ i ¼ 1
nkTl
Dsp
Dt
 sp D ln TDt
 
 L  hQQ i  hQQ i  LT
¼ 1
nkTl
ðL  sp  sp  LTÞ  L  dl
d
l
 LT  4kTl
f
hQQ i þ 4kT
f
d ¼ 4sp
nfwe ﬁnd thatsp þ f4kTl
Dsp
Dt
 L  sp  sp  LT  sp D ln TDt
 
¼ nf
4l
_c:Let h ¼ f4kTl,sp þ h DspDt  L  sp  sp  L
T  sp D ln TDt
 
¼ nkTh _c: ð10ÞEq. (10) is a constitutive equation [12] for the extra stress tensor ﬁeld.
If the trace of Eq. (10) is taken, considering that the ﬂuid is incompressible and using Eq. (7), one obtainsaþ h Da
Dt
 sp : L  aD ln TDt
 
¼ 0: ð11ÞFor a constant temperature history, Eq. (10) reduces tosþ h Dsp
Dt
 L  sp  sp  LT
 
¼ nkTh _c: ð12ÞFor making clear an implicit nonlinear temperature dependence of spring factor H, Bird [18] gave this constitutive equa-
tion (13) using d lnHðTÞd ln T ¼ THðTÞ dHðTÞdT ¼ TklHðTÞ ¼ 1,sp þ h DspDt  L  sp  sp  L
T  sp d lnHðTÞd ln T
D ln T
Dt
 nkTd d lnHðTÞ
d ln T
 1
 
D ln T
Dt
 
¼ nkTh _c: ð13ÞThen Gupta and Metzner [9] pointed out that the quantity h D ln TDt appears insufﬁcient magnitude and wrong sign to quan-
tify experimental data. They cited the assumption of constant l, according to l ¼ 3
2hQ2i0
, as the source of the error, since hQ2i0
actually increases with increasing temperature. This produces a decrease in the stiffness parameter l, a better nonlinear
expression with the empirical relationship of l isl ¼ mTðRþ1Þ; ð14Þwhere R is a number greater than 1 and m is a positive constant.
Because ofd lnHðTÞ
d ln T
¼ T
kmTR
dHðTÞ
dT
¼ TkmðRÞ
kmTR
TR1 ¼ Rnon-isothermal stress constitutive equation (13) of Hookean dumbbell model then becomes [8,19]:sp þ h DspDt  L  sp  sp  L
T þ spRD ln TDt

¼ nkTh _c ðRþ 1ÞhnkTdD ln T
Dt
: ð15Þ
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For FENE dumbbell model, the entropic free energy of macromolecule solution isA ¼ ST ¼ kTlQ
2
0
2
ln 1 Q
Q0
 2" #
þ const; ð16Þwhere Q 6 Q0. The elastic force of spring can be gotten from Eq. (16):F ¼ kTlQ
1 ðQ=Q0Þ2
: ð17ÞCompared with the elastic force of FENE spring force F ¼ HQ
1ðQ=Q0Þ2
, the expression of elastic coefﬁcient H = kTl can be got.
At the same point in the melt a stress tensor given by the macromolecules issp ¼ nkTl QQ
1 ðQ=Q0Þ2
* +
 nkTd: ð18ÞFor the FENE dumbbell model, the distribution function / obeys the equation @/
@t
¼ r  /½L  Q   /2kTl
f
Q
1 ðQ=Q0Þ2
 2kT
f
r/
 !
ð19Þusing second moment closure approximation [15], Eq. (19) then becomes equivalent equations as follows:DM1
Dt
 2 @u
@y
þ @v
@x
 
M3  @u
@x
 @v
@y
 
M2 ¼ 4kTf
2Q20  4þ HQ20=kT
 
M1
Q20  2M1
0
@
1
A; ð20aÞ
DM2
Dt
 2 @u
@y
 @v
@x
 
M3  @u
@x
 @v
@y
 
M1 ¼ 
4H Q20 þM1
 
f Q20  2M1
  M2; ð20bÞ
DM3
Dt
 1
2
@u
@y
þ @v
@x
 
M1 þ 12
@u
@y
 @v
@x
 
M2 ¼ 
4H Q20 þM1
 
f Q20  2M1
  M3 ð20cÞand corresponding stress (18) be inverted tosp ¼ n
H Q20 þM1
 
Q20  2M1
1
2M2 M3
M3  12M2
 !
 nkTd: ð21ÞLet ~h ¼ Q20þM1
Q202M1
, there areM2 ¼ 2 sp11 þ nkT
nkTl~h
; M3 ¼ sp12
nkTl~h
: ð22ÞTherefore, from (22) and (20), we getDsp11
Dt
 sp11 D ln TDt þ
D ln ~h
Dt
 4H
~h
f
" #
¼ nkT D ln
~h
Dt
þ @u
@y
 @v
@x
 
sp12 þ nkTl
~h
2
@u
@x
 @v
@y
 
M1  4nðkTÞ
2l~h
f
; ð23aÞ
Dsp12
Dt
 sp12 D ln TDt þ
D ln ~h
Dt
 4H
~h
f
" #
¼ nkTl
~h
2
@u
@y
þ @v
@x
 
M1  @u
@y
 @v
@x
 
sp11 þ nkT
 	
; ð23bÞ
Dsp22
Dt
 sp22 D ln TDt þ
D ln ~h
Dt
 4H
~h
f
" #
¼ nkT D ln
~h
Dt
 @u
@y
 @v
@x
 
sp12  nkTl
~h
2
@u
@x
 @v
@y
 
M1  4nðkTÞ
2l~h
f
; ð23cÞwhereDM1
Dt
 2 @u
@y
þ @v
@x
 
sp12
nHðTÞ~h
@u
@x
 @v
@y
 
2sp11 þ 2nkT
nHðTÞ~h
" #
¼ 8kT
f
 4HQ
2
0M1
f Q20  2M1
  : ð24ÞEq. (23) is just the non-isothermal stress constitutive equation of FENE model based on the second moment closure
approximation.
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then becomesDsp11
Dt
þ sp11 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
þ nkTðRþ 1ÞD ln T
Dt
¼ nkT D ln
~h
Dt
þ @u
@y
 @v
@x
 
sp12
þ nHðTÞ
~h
2
@u
@x
 @v
@y
 
M1  4HðTÞ
~hnkT
f
; ð25aÞ
Dsp12
Dt
þ sp12 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
¼ nHðTÞ
~h
2
@u
@y
þ @v
@x
 
M1  @u
@y
 @v
@x
 
sp11 þ nkT
 	
; ð25bÞ
Dsp22
Dt
þ sp22 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
þ nkTðRþ 1ÞD ln T
Dt
¼ nkT D ln
~h
Dt
 @u
@y
 @v
@x
 
sp12
 nHðTÞ
~h
2
@u
@x
 @v
@y
 
M1  4HðTÞ
~hnkT
f
: ð25cÞ2.3. Non-isothermal constitutive equation of FENE-P dumbbell model
As to the FENE-P dumbbell, the entropic free energy of macromolecule solution isA ¼ ST ¼ kTlQ
2
2ð1 hQ2=Q20iÞ
þ const: ð26ÞThrough comparing the spring force F ¼ kTlQ
1hQ2=Q20i
from Eq. (26) and F ¼ HQ
1hQ2=Q20i
, the same expression of elastic coefﬁcient
H = kTl can be got.
The free energy density of the polymer melt isa ¼ nkTl
2
Q2
1 hQ2=Q20i
* +
þ const ¼ nkTl
2
ZhQ2i þ eQ20d
 
þ const; ð27Þwhere Z is Peterlin approximation operator, and in all that follows we take e = 0 [16]. The stress contribution of dumbbell at
same point issp ¼ nkTl QQ
1 hQ2=Q20i
* +
 nkTd ¼ nkTlðZhQQ iÞ  nkTd: ð28ÞTake the trace of above equation, trsp ¼ nkTl Q21hQ2=Q20i
D E
 3nkT or
trsp ¼ nkTlZhQ2i  3nkT:The constant 3nkT/2 in Eq. (27) can be chosen, so thata ¼ trsp
2
: ð29ÞBy dint of evolution equation of distribution function, one can getDhQQ i
Dt
 L  hQQ i  hQQ i  LT ¼ 4kTl
f
ZhQQ i þ 4kT
f
d: ð30ÞSubstituting hQQ i ¼ Z1 spþnkTdnkTl
 
¼ spþnkTdZnkTl from Eq. (28) into Eq. (30) and considering that l is a constant independent of
temperature, we ﬁnd thatsp þ f4kTlZ
Dsp
Dt
 L  sp  sp  LT  sp D ln TDt  sp þ nkTd
 	D ln Z
Dt
 
¼ nf
4lZ
_c:Let h^ ¼ f4kTlZ, so non-isothermal constitutive equation of stress has the following formsp þ h^ DspDt  L  sp  sp  L
T  sp D ln TDt  sp þ nkTd
 	D ln Z
Dt
 
¼ nkTh^ _c: ð31ÞIf the temperature is constant, above equation can be reducedsp þ h^ DspDt  L  sp  sp  L
T  sp þ nkTd
 	D ln Z
Dt
 
¼ nkTh^ _c: ð32Þ
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T
 
¼ nkTh^ _c: ð33ÞConsidering the relationship of a and sp in Eq. (29), one obtains free energy constitutive equationaþ h^ Da
Dt
 sp : L  aD ln TDt  aþ
3nkT
2
 
D ln Z
Dt
 
¼ 0: ð34ÞBy dint of the expression of stiffness parameter l = mT(R+1), Eq. (31) then becomessp þ h^ DspDt  L  sp  sp  L
T þ sp RD ln TDt 
D ln Z
Dt
  
¼ nkTh^ _c h^nkTd ðRþ 1ÞD ln T
Dt
 D ln Z
Dt
 
; ð35Þwhere the term D lnZ/Dt indicates the effect of nonlinear dumbbell spring described by Peterlin approximation factor Z on
stress equation.
2.4. Summary of equations
The total stress s of the composite can be presumed to be the linear sum of stress contributions from the Newtonian sol-
vent ss and dumbbell model of macromolecule sp:s ¼ ss þ sp; ð36Þ
where ss ¼ gs _c; gs is the solvent viscosity.
In summary, the system of equations to describe the ﬂow in a non-isothermal viscoelastic ﬂuid is
Continuity equation:r  u ¼ 0: ð37Þ
Momentum equation:q
@u
@t
þ u  rð Þu
 
¼ rpþr  s: ð38ÞEnergy equation:qcp
@T
@t
þ ðu  rÞT
 
¼ r  ðkprTÞ þ s : ru: ð39ÞPolymer equation:
Hooke:sp þ h DspDt  L  sp  sp  L
T þ spRD ln TDt
 
¼ nkTh _c ðRþ 1ÞhnkTdD ln T
Dt
: ð40ÞFENE:Dsp11
Dt
þ sp11 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
þ nkTðRþ 1ÞD ln T
Dt
¼ nkT D ln
~h
Dt
þ @u
@y
 @v
@x
 
sp12 þ nHðTÞ
~h
2
@u
@x
 @v
@y
 
M1  4HðTÞ
~hnkT
f
; ð41-1Þ
Dsp12
Dt
þ sp12 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
¼ nHðTÞ
~h
2
@u
@y
þ @v
@x
 
M1  @u
@y
 @v
@x
 
sp11 þ nkT
 	
; ð41-2Þ
Dsp22
Dt
þ sp22 RD ln TDt 
D ln ~h
Dt
þ 4H
~h
f
" #
þ nkTðRþ 1ÞD ln T
Dt
¼ nkT D ln
~h
Dt
 @u
@y
 @v
@x
 
sp12  nHðTÞ
~h
2
@u
@x
 @v
@y
 
M1  4HðTÞ
~hnkT
f
: ð41-3ÞFENE-P:sp þ h^ DspDt  L  sp  sp  L
T þ sp RD ln TDt 
D ln Z
Dt
  
¼ nkTh^ _c h^nkTd ðRþ 1ÞD ln T
Dt
 D ln Z
Dt
 
: ð42ÞComposite stress: s ¼ ss þ sp ¼ gs _cþ sp.
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For different ﬂow styles and cavities, the governing equations (36)–(42) along with the set of boundary and initial con-
ditions are solved numerically by ﬁnite difference method and ﬁnite volume method.
Momentum equation (38) can be written q @u
@t þ u  rð Þu

  ¼ rpþ gsDuþr  sp with convection, diffusion and source
term, i.e. Navier–Stokes equation. So based on ﬁnite volume method, the SIMPLER [20] (Semi-Implicit Method for Pressure
Linked Equations Revised) algorithmwith staggered grid (control volume with pressure centre (Fig. 1(a)) and control volume
with velocity centre have half space step difference in Fig. 1(b) and (c)) is used to calculate momentum equation (38) and
continuity equation (37).
Continuity equation (37) is discretized through integration at P main control volume,qP  q0P
Dt
DxDyþ ½ðquÞe  ðquÞwDyþ ½ðqvÞn  ðqvÞsDx ¼ 0: ð43ÞEnergy equation (39) is discretized also through integration at P main control volume,ðqTÞP  ðqTÞ0P
Dt
DxDyþ ðJe  JwÞ þ ðJn  JsÞ ¼ s : ruð ÞDxDy=cp; ð44Þ
where interface total ﬂux Je is discretized using three point format:Je ¼ fDeð1 0:5 PDej jÞ þ Fe; 0j j½  þ FegTp  fDeð1 0:5 PDej jÞ þ Fe;0j j½ gTE: ð45Þ
Fe = (qu)eDy and De ¼ kpcp Dy=ðDxÞe are interface ﬂux and diffusion derivative individually.
Different from Eq. (39), momentum equation (38) integrates at u or v control volume, not the Pmain control volume, and
pressure gradient term is separated from the source term [20,21]. Other discretization process is the same as energy
equation.
The SIMPLER method solutes velocity and pressure in different control volumes (Fig. 1) for avoiding checkerboard pres-
sure ﬁeld. Now the main solution procedures are presented.
If velocity un, pressure pn value and snp at time step tn are known, then variances at next time step tn+1 can be calculated
along following process:
1. calculate the coefﬁcients of momentum equation and source term r  snp;
2. calculate pseudo-velocity u^ using known un;
3. solute pressure equation;
4. solute momentum equation using calculated pressure p* in above step;
5. solute correcting pressure p0 using calculated velocity u* in above step;
6. correct velocity using update pressure p0, but no pressure;
7. calculate coefﬁcients of momentum using update velocity in above step, and iterate steps (2)–(7) until solution conver-
gence, un+1 can be gotten.
8. Tn+1 can be calculated using known un+1 in above momentum equation solution process.
From above solution process, we know polymer stress sp is very important for calculation of ﬂow ﬁeld. As a part of source
item of momentum equation and energy equation, polymer stress sp is calculated using ﬁnite difference method through the
disvergence of Eqs. (40)–(42), In which, ﬁrst partial derivative of components of sp is discretized using second order upwind
format, other ﬁrst partial derivative of velocity components and temperature are discretized using ﬁrst order upwind format.
Following discretion equations is corresponding elastic dumbbell Hooke model, the two dimension components of polymer
stress sp are calculated through:(a)                          (b)                          (c) 
vn 
ue 
vs 
uw
E•P•TW•
S•
N•
vn 
ue 
vs 
uw
E•P•TW•
S•
N•
vn 
ue 
vs 
uw
E•P•TW•
S•
N•
Fig. 1. Typical staggered grid: (a) main control volume, (b) u control volume and (c) v control volume.
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uDt
2Dx
3snp11ði;jÞ þ 4snp11ðiþ1;jÞ  snp11ðiþ2;jÞ u < 0
3snp11ði;jÞ  4snp11ði1;jÞ þ snp11ði2;jÞ u > 0
 !
 vDt
2Dy
3snp11ði;jÞ þ 4snp11ði;jþ1Þ  snp11ði;jþ2Þ v < 0
3snp11ði;jÞ  4snp11ði;j1Þ þ snp11ði;j2Þ v > 0
 !
þ snp11ði;jÞ 1þ 2Dt
ðuniþ1;j  uni;jÞ=Dx u < 0
ðuni;j  uni1;jÞ=Dx u > 0
 !
 4DtHðTÞ
f
 RDt D ln T
Dt
" #
þ Dt 2sp12
ðuni;jþ1  uni;jÞ=Dy v < 0
ðuni;j  uni;j1Þ=Dy v > 0
 !
þ nkT _c11  ðRþ 1ÞnkT D ln TDt
" #n
i;j
;
ð46-1Þ
snþ1p12ði;jÞ ¼ 
uDt
2Dx
3snp12ði;jÞ þ 4snp12ðiþ1;jÞ  snp12ðiþ2;jÞ u < 0
3snp12ði;jÞ  4snp12ði1;jÞ þ snp12ði2;jÞ u > 0
 !
 vDt
2Dy
3snp12ði;jÞ þ 4snp12ði;jþ1Þ  snp12ði;jþ2Þ v < 0
3snp12ði;jÞ  4snp12ði;j1Þ þ snp12ði;j2Þ v > 0
 !
þ snp12ði;jÞ 1
4DtHðTÞ
f
 RDt D ln T
Dt
 
þ Dt sp11
ðvniþ1;j  vni;jÞ=Dx u < 0
ðvni;j  vni1;jÞ=Dx u > 0
 !
þ sp22
ðuni;jþ1  uni;jÞ=Dy v < 0
ðuni;j  uni;j1Þ=Dy v > 0
 !
þ nkT _c12
" #n
i;j
;
ð46-2Þ
snþ1p22ði;jÞ ¼ 
uDt
2Dx
3snp22ði;jÞ þ 4snp22ðiþ1;jÞ  snp22ðiþ2;jÞ u < 0
3snp22ði;jÞ  4snp22ði1;jÞ þ snp22ði2;jÞ u > 0
 !
 vDt
2Dy
3snp22ði;jÞ þ 4snp22ði;jþ1Þ  snp22ði;jþ2Þ v < 0
3snp22ði;jÞ  4snp22ði;j1Þ þ snp22ði;j2Þ v > 0
 !
þ snp22ði;jÞ 1þ 2Dt
ðvni;jþ1  vni;jÞ=Dy v < 0
ðvni;j  vni;j1Þ=Dy v > 0
 !
 4DtHðTÞ
f
 RDt D ln T
Dt
 !
þ Dt 2sp21
ðvniþ1;j  vni;jÞ=Dx u < 0
ðvni;j  vni1;jÞ=Dx u > 0
 !
þ nkT _c22  ðRþ 1ÞnkT D ln TDt
" #n
i;j
:
ð46-3Þ
For different ﬂow ﬁeld, according to the space step length, chosen time step is satisfying von Neumann stability analysis.
For this article, shear ﬂow and contraction ﬂow are calculated with time step size 105 s, and calculation end after 5  107
time steps.
4. Shear ﬂow simulation
In this section, the viscometric function for a two dimensional shear polymer ﬂow in rectangle cavity [0.03 m,0.02 m] will
be studied. The cavity domain is split using 60  40 rectangle grid with uniform mesh size. The solidiﬁcation or cataclysm of
temperature in polymer molding process has more important inﬂuence to residual stress, even to shift product performance.
So for analysis the validity of above non-isothermal composite stress (36), in this section, we ignore all other element and
only consider the relationship of temperature and stress, that’s to say, momentum equation and mass equation will not be
calculated. Further some important coefﬁcients of stress are also analyzed.
Steady shear ﬂow simulation which often be used in polymer study [15] is chosen here. The ﬂow is described by a velocity
ﬁeld u ¼ ð _cy;0Þ, where shear rate is constant _c ¼ 0:01 s1. The viscometric functions those we will examine in detail are the
normal stress coefﬁcient wþ1 and the shear viscosity g
+, which given bywþ1 ¼
s11  s22
_c2
; gþ ¼ s12
_c
:In all that follows we take gs = 0, polystyrene q = 910 kg m3, thermal capacity cp = 1.97 J K1 kg1 and thermal conduc-
tivity kp = 0.20 Wm1 K1. For symmetrical result, we give inlet temperature condition Tin = T0(0.5  0.02  jy  0.5  0.02j)/
0.02 + Tw (Tw = 373 K). Here a dilute solution with 500 macromolecules per unit volume is considered. Based on dumbbell
model law of nkT [17], we take k = 1019. The friction coefﬁcient f = 40 [15]. Because Gupta and Metzner [9] said m and R are
positive constant and a number which greater than 1 respectively, we take R = 0.9 and m = 1019. Unless otherwise stated,
we present results for the polymer melt T0 = 373 K.
Since we are mainly interested in the non-isothermal stress constitutive equation of elastic dumbbell model, we shall ﬁrst
study the relationship between temperature distribution and distributions of normal stress coefﬁcient wþ1 and shear viscosity
g+. Fig. 2(a) shows the temperature distribution of FENE model at t = 100 s, in here temperature and stress distributions of
t = 100 s are correspondence with t > 100 s, the difference cannot inﬂuent the result and qualitative analysis. We can see that
temperature distribution is symmetric about the horizontal axle wire y = 0.01 m, and the biggest temperature value appears
in the y = 0.01 m, the temperature reduces from the axle wire to both sides in turn. In Fig. 2(b) and (c), the distributions of wþ1
and g+ correlate to temperature distribution. They are also symmetric about y = 0.01 m. But the values of wþ1 have different
permutation condition, the biggest value and the smallest value appear to walls and horizontal axle wire y = 0.01 m
separately.
Fig. 2. Distribution of temperature (a), normal stress coefﬁcient wþ1 (b) and shear viscosity g
+ (c) at t = 100 s.
2032 H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040In the evolution and derivation process of non-isothermal constitutive equation, the non-linear expression of elastic coef-
ﬁcient H has great contribution to constitutive equation’s evolution with temperature gradient. Compared with the constant
elastic coefﬁcient H in isothermal constitutive equation, the expression of H in non-isothermal stress constitutive equations
is a function of temperature T. R and m are important coefﬁcients in the expression of H, their values affect directly to the
stress and others information by constitutive equation. So in this section, for clearly analyzing the effect of H as non-linear
function of T on non-isothermal polymer melt, by dint of parameters R and m, the polymer melt is simulated and correspond-
ing normal stress coefﬁcient wþ1 and shear viscosity g
+ are studied.4.1. Role of the coefﬁcient R
Varying parameter R has the signiﬁcant effects on the nonlinear temperature dependent spring factor. In this part, we will
examine the effects of R on the normal stress coefﬁcient wþ1 and shear viscosity g
+. In our calculated result, at t = 100 s and
t > 100 s, the inﬂuence of coefﬁcient R, coefﬁcient m and temperature T with different values to stress has not explicit differ-
ence of qualitative analysis, in spite of they still have some quantitative difference, so in the following related result are pre-
sented only at t = 100 s. So for R = 0.1, 0.5, 0.9, we analyze wþ1 and g+ on vertical axle wire x = 0.015 m with m = 1019 at
t = 100 s.
For non-isothermal stress constitutive equation of Hookean dumbbell model, Fig. 3 gives the distribution curves of wþ1 and
g+. From Fig. 3, we see that distribution curves of wþ1 and g
+ on x = 0.015 m are approximately symmetric about y = 0.01 m,
Fig. 3. Effects of R on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for Hookean dumbbell model.
H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040 2033while parabolic curves approach down or up apex. When R = 0.5 and R = 0.9, the smallest value of wþ1 and the biggest va-
lue of g+ appear at y = 0.01 m, and wþ1 and g
+ increase and decrease towards both sides separately. For R = 0.1, the values of
wþ1 are different. w
þ
1 reaches the biggest value at y = 0.01 m, and decreases towards both sides in turn. For values of w
þ
1 and g
+
on one point, we can get that wþ1 and g
+ increase with enlargement of R.
The wþ1 and g
+ of FENE dumbbell model, which are depicted in Fig. 4, appear that there are different from those of Hookean
model. When R = 0.1, the apex situation of parabolic curves of wþ1 and g+ are contrary to Hookean model, and the values of
wþ1 and g
+ are in negative region. The apex situation of parabolic curve of wþ1 with positive values is also reverse to Hookean
model when R = 0.5. For all absolute values of wþ1 and g+ on one point as varying of R, they increase with growing R.
The distributions of wþ1 and g
+ of FENE-P dumbbell model are given in Fig. 5. Compared with results of FENE model, wþ1 and
g+ of FENE-P model have similar distribution trend. But for the absolute values of wþ1 and g
+, they are different. The value of
wþ1 on one point with R = 0.1 is larger than that with R = 0.9, and smaller than them with R = 0.5. But value of g+ on one
point with R = 0.1 is smaller than that with R = 0.5 and R = 0.9.
By Eqs. (4) and (14), we know that, the larger R is, the smaller stiffness parameter l and elastic coefﬁcient H are. From
above analysis of Figs. 3–5, except FENE-P model, wþ1 and g
+ are smaller with smaller R. And for smaller R, wþ1 and g
+ have
better distribution structures, symmetric parabolic curves along y = 0.01 m.
For different dumbbell models, wþ1 and g
+ change differently with R. For Hookean and FENE-P dumbbell model, when
R = 0.5, wþ1 and g+ appear non-symmetric curves separately. For FENE dumbbell model, wþ1 and g+ with symmetric distri-Fig. 4. Effects of R on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE dumbbell model.
Fig. 5. Effects of R on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE-P dumbbell model.
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+ of FENE dumbbell mod-
el have the best symmetric parabolic curves for different values of R.
4.2. Role of the coefﬁcient m
The effects of varying the parameter m on the normal stress coefﬁcient wþ1 and shear viscosity g
+ with R = 0.9 are dis-
cussed in this section. For m = 1017, 1018, 1019, we analyze wþ1 and g
+ on vertical axle wire x = 0.015 m at t = 100 s.
Fig. 6 gives the distribution curves of wþ1 and g
+ of Hookean dumbbell model. From which, we can get that, on horizontal
axle wire y = 0.01 m, wþ1 and g
+ approach the smallest/biggest value separately, and they increase/decrease towards both
sides separately. The values of wþ1 and g
+ decrease with the growing of m.
For non-isothermal stress constitutive equation of FENE dumbbell model, wþ1 and g
+ on vertical axle wire x = 0.015 m are
given in Fig. 7. The distribution curve of wþ1 at m = 10
18 is not parabolic curve, and appears heavy non-symmetric distribution
about y = 0.01 m. Compared with wþ1 and g
+of Hookean model, another different point is that the biggest value of g+ at
m = 1017 appears adjacent walls, does not occur in y = 0.01 m. In addition, the absolute values of wþ1 and g
+ decrease with
increment of m.
The distributions of wþ1 and g
+ of FENE-P model are given in Fig. 8. From which, we can see that, the parabolic curves of wþ1
and g+ are symmetric about horizontal axle wire y = 0.01 m. Different from wþ1 and g
+ of Hookean model, the smallest valueFig. 6. Effects of m on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for Hookean dumbbell model.
Fig. 7. Effects of m on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE dumbbell model.
Fig. 8. Effects of m on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE-P dumbbell model.
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17 appears in walls, does not appear in y = 0.01 m. In addition, the changing rules of wþ1 and g
+ with varying m
can be gotten from Fig. 8. The value of wþ1 on one point at m = 10
17 is larger than that at m = 1019, and smaller than that at
m = 1018. But the value of g+ on one point at m = 1017 is smaller than that at m = 1018 and m = 1019.
With larger m, stiffness parameter l and elastic coefﬁcient H are larger. From above analysis, except FENE-P model, wþ1 and
g+ are smaller with larger m. Different from R, for larger m; wþ1 and g
+ have better distribution structures, symmetric parabolic
curves along y = 0.01 m.
For different dumbbell models, wþ1 and g
+ change differently with m. For Hookean and FENE dumbbell model, when m takes
smaller value, wþ1 and g
+ appear non-symmetric curves separately. Especially wþ1 of FENE dumbbell model when m = 10
18, and
g+ of Hookean dumbbell model when m = 1017. Compared with Hookean and FENE dumbbell model, wþ1 and g
+ of FENE-P
dumbbell model have the best symmetric parabolic curves for different values of m.
Integrating the analysis of values and structures of wþ1 and g
+ with R and m, we can get the conclusion that, smaller R and
larger m are beneﬁt for accurately predicting stress distribution and viscoelastic characteristic of melt.4.3. Role of the temperature
In non-isothermal stress constitutive equations of dumbbell models, we are interested in the inﬂuence of temperature
too. In this section, we shall study the material functions wþ1 and g
+ for different temperatures. Different temperature ﬁelds
Fig. 9. Effects of T on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for Hookean dumbbell model.
Fig. 10. Effects of T on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE dumbbell model.
2036 H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040are realized through varying T0 of inlet temperature Tin. Based on the conclusion we draw in above sections, we choose smal-
ler R = 0.9 and larger m = 1019 to analyze the effect of temperature.
For non-isothermal stress constitutive equation of Hookean dumbbell model, Fig. 9 shows the distribution curves of wþ1
and g+ on vertical axle wire x = 0.015 m at t = 100 s with varying T0. From which, we see that, for given R and m, distribution
curves of wþ1 and g
+ are parabolic curves with down and up apex separately, and wþ1 and g
+ are decreasing and increasing with
the increasing of T0 separately.
Figs. 10 and 11 give the distributions of material functions (wþ1 and g
+) of FENE and FENE-P dumbbell model with varying
R and m separately. The changing rules of wþ1 and g
+ with varying temperature are as follows. Distribution curves of wþ1 and g
+
are parabolic curves with down apex and up apex separately, wþ1 and g
+ decrease and increase with the increasing of T0. The
difference of three elastic dumbbell models is, wþ1 and g
+ of FENE-P model change largely with T0, namely, FENE-P model
have better sensitive for temperature.5. Contraction ﬂow simulation
In shear ﬂow, material functions are correlative with the distribution of temperature. But in contraction ﬂow, material
functions and ﬂow ﬁeld parameters correlate to geometrical step of ﬂow cavity. For studying the sufﬁciency of composite
Fig. 11. Effects of T on normal stress coefﬁcient wþ1 (a) and shear viscosity g
+ (b) for FENE-P dumbbell model.
H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040 2037stress (36) on complex ﬂow, in this section, we will further analyze the effects of values magnitude of R and m on mate-
rial functions of contraction ﬂow in which stretch, shear and rotate ﬂow are included. Because here shear rate _c are not con-
stant, we choose the ﬁrst normal stress difference s11–s22 and shear stress s12 as material functions to study the function of R
and m.
We consider the 4:1 planar contraction ﬂow as follows. The inlet (left) width is 0.02 m, and outer (right) width is 0.005 m,
contraction begin at x = 0.03 m and end at x = 0.06 m. In following, non-contraction and contraction region are named up-
stream and downstream region individually. The upstream and downstream domain are discretized on 60  40 and
60  10 grid with uniform mesh size respectively. And for the joint boundary of upstream and downstream domain, set
boundary thickness with two layer meshes, namely, left boundary of downstream domain share the right boundary infor-
mation of upstream domain. Horizontal velocity u = 0.1  [1  (y/0.02)2] m/s and zero vertical velocity v = 0 m/s with temper-
ature Tin = T0jy  0.02j/0.02 + Tw, enters contraction cavity through inlet. The outlet has not effect on inner. Non slip (top)
boundary with constant temperature Tw = 373 K is isothermal wall. On the symmetry line (bottom), horizontal velocity
and temperature satisfy @u/@y = 0 and @T/@y = 0 respectively, vertical velocity is v = 0 m/s.
We choose two sets values R = 0.5, m = 1019 and R = 0.9, m = 1021 to observe the ﬁrst normal stress difference s11–s22
and shear stress s12 for different elastic dumbbell models. For non-isothermal constitutive equation of Hookean dumbbell
model, Fig. 12 gives the contours of s11–s22 and s12 for R = 0.5 and m = 1019. And Fig. 13 gives the contours of s11–s22Fig. 12. Contours of s11–s22 (a) and s12 (b) for Hookean dumbbell model with R = 0.5 and m = 1019.
Fig. 13. Contours of s11–s22 (a) and s12 (b) for Hookean dumbbell model with R = 0.9 and m = 1021.
Fig. 14. Contours of s11–s22 (a) and s12 (b) for FENE dumbbell model with R = 0.5 and m = 1019.
2038 H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040and s12 for R = 0.9 and m = 1021. We know that, in contraction ﬂow, the distributions of s11–s22 and s12 are approximately
symmetric and anti-symmetric about the bisector of contraction angle [22]. In Fig. 12, the contours of s11–s22 and s12 of
downstream section have not obvious symmetric characteristic. But in Fig. 13, the contours of s11–s22 and s12 keep to the
symmetric characteristic, and in downstream section, obvious layer stress structure appeared. These show that, smaller
R = 0.9 and larger m = 1021 are beneﬁt for pre-estimating material stress exactly.
Based on FENE dumbbell model, Figs. 14 and 15 give contours of s11–s22 and s12 for R = 0.5, m = 1019 and R = 0.9,
m = 1021 separately. In Fig. 14, s11–s22 and s12 of downstream section have obvious multi-layer stress structures. Contrarily,
in Fig. 15, for smaller R = 0.9 and larger m = 1021, s11–s22 and s12 are approximately symmetric and anti-symmetric about
bisector of contraction angle. In addition, in downstream section, layer structures of s11–s22 and s12 appear.
For FENE-P dumbbell model, Figs. 16 and 17 give material functions (s11–s22 and s12) of R = 0.5, m = 1019 and R = 0.9,
m = 1021 separately. Compared with Hookean and FENE dumbbell models, FENE-P model has better adaptability for values
range of R and m. For larger R = 0.5 and smaller m = 1019, though the distributions of s11–s22 and s12 are not approximately
symmetric and anti-symmetric about bisector of contraction angle, the contours of s11–s22 and s12 are the most approach to
symmetric and anti-symmetric distribution in three elastic dumbbell models.
Fig. 15. Contours of s11–s22 (a) and s12 (b) for FENE dumbbell model with R = 0.9 and m = 1021.
Fig. 16. Contours of s11–s22 (a) and s12 (b) for FENE-P dumbbell model with R = 0.5 and m = 1019.
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Some useful constitutive equations are given by the elastic dumbbell models expression that can model non-isothermal
behavior in the intended ﬁeld of study. In the initial conceptual stages, convenience is more important than precise predic-
tions, and simplifying assumptions are usually used. It is in the spirit of improving existing models for non-isothermal poly-
mer melt, that we conducted the present study to account for the effects of parameters of stiffness and temperature.
The present calculations show that, for shear ﬂow, the varying R and m in stiffness parameter l lead to different behaviors
of the normal stress coefﬁcient wþ1 and shear viscosity g
+. Concretely, for Hookean dumbbell model, wþ1 and g
+ increase with
increasing R, but they decrease with increasing m. For FENE dumbbell model, the values of wþ1 and g
+ with larger R and smaller
m are negatives. If we ignore the sign of wþ1 and g
+, the absolute values of wþ1 and g
+ also increase with increasing R, and de-
crease with increasing m. For FENE-P dumbbell model, wþ1 and g
+ are not monotonic changing with R and m. When R/m grows/
falls to values large/small enough, the values of wþ1 and g
+ begin to decrease. In given ranges present, the distributions of wþ1
and g+ of FENE-P model are more approaching symmetric parabolic curves.
Through simulation of 4:1 contraction ﬂow, some conclusions can be given. For smaller R and larger m, material functions,
the ﬁrst normal stress difference s11–s22 and shear stress s12 more approach theoretical distribution: approximately sym-
metric and anti-symmetric about bisector of contraction angle. For other values of R and m, s11–s22 and s12 have different
Fig. 17. Contours of s11–s22 (a) and s12 (b) for FENE-P dumbbell model with R = 0.9 and m = 1021.
2040 H. Zhang et al. / Applied Mathematical Modelling 35 (2011) 2024–2040distribution, even appear as layer structure. Among three elastic dumbbell models, FENE-P model has the best adaptability
for various values of R and m.
Furthermore, we report a more important contribution of temperature to wþ1 and g
+. For appropriate values of R and m, the
effect of varying temperature are that g+, the approximate parabolic curve with up apex, grows with the increment of tem-
perature; per contra wþ1 ; the approximate parabolic curve with down apex, decreases with increasing temperature.
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